Abstract. We introduce the category of topological contact toric manifolds which is a topological generalization of compact connected contact toric manifolds, and study their basic properties. Our main theorem says that two topological contact toric manifolds are equivariantly homeomorphic if and only if their equivariant cohomology algebras are isomorphic.
Introduction
Contact toric manifolds were introduced in the study of Hamiltonian torus actions on odd-dimensional smooth compact manifolds in [BM93, BG00] . These are odd-dimensional analogues of symplectic toric manifolds with Hamiltonian torus actions. The papers [TZ02] and [Ler03] worked on the geometric aspects like integrable geodesic flows on contact toric manifolds. Moreover, Lerman [Ler03, Theorem 2.18] provides a complete classification of compact connected contact toric manifolds. Also, Luo in his thesis [Luo13] studies several topological aspects of contact toric manifolds.
Motivated by the pioneering work of Davis and Januskiewicz [DJ91] , we introduce the notion of topological contact toric manifolds which is an extension of compact connected contact toric manifolds except for few cases. The paper [DJ91] considers the standard compact abelian T n -action on C n as the local model to define toric manifolds. Here, we consider T n+1 -action on C n × S 1 which is an invariant subset of C n+1 with respect to standard T n+1 -action, and adopt this as the local model to define a topological contact toric manifold. Briefly, a topological contact toric manifold is a (2n + 1)-dimensional compact smooth manifold locally isomorphic to the standard T n+1 -action on C n × S 1 such that the orbit space is identified with a simple polytope, see Definition 2.1. We show in Example 2.10 that the category of topological contact toric manifolds contains all good contact toric manifolds (see [Ler03,  Section 2]), as well as a huge class of odd-dimensional manifolds without contact structures.
One of the main purposes of this manuscript is to discuss Borel equivariant cohomology, which is an important algebraic object associated to a topological space with group action. If X is a G-space, it is defined by the cohomology of (EG × X)/G where EG is the total space of the universal principal G-bundle and (EG × X)/G is the orbit space of diagonal G-action on EX × X. Therefore, the equivariant collapsing map π : X → pt induces a H * (BG) algebra structure on H * G (X) := H * ((EG × X)/G). It is wellknown that this algebra structure usually contains more information about the G-action on X.
Indeed, for the case of compact nonsingular projective toric varieties or quasitoric manifolds, somewhat surprisingly, equivariant cohomology algebras distinguish their variety isomorphism types or equivariant homeomorphism types, respectively, see [Mas08] . More generally, one may ask the following question. "What are G-spaces X and Y such that they are G-equivariantly homeomorphic, whenever their Borel equivariant cohomologies are isomorphic as H * (BG)-algebras?" We call this question the equivariant cohomological rigidity problem, and in this paper, we give an affirmative answer to this question for the category of topological contact toric manifolds.
For convenience, we often use the following identifications without explicitly mentioning it.
•
where t Z = ker(exp : t → T n+1 ), and all cohomologies in this paper are considered with integer coefficients.
The article is organized as follows. We begin Section 2 with the axiomatic and the constructive definition of a topological contact toric manifold, and show those two definitions are equivalent (see Corollary 2.4.) We provide examples of such manifolds beyond good contact toric manifolds of [Ler03] . Section 3 is devoted to studying the equivariant cohomology algebra of a topological contact toric manifold M . The main purpose of this section is to understand the geometric data of M encoded in H * (BT n+1 )-algebra structure of H * T n+1 (M ). Finally, in Section 4, we give a concrete answer for the equivariant cohomological rigidity problem about topological contact toric manifolds.
Topological contact toric manifolds
In this section, we introduce topological contact toric manifolds and study their essential properties which can be encoded by a combinatorial data. Such a relationship is similar to the definition and properties of toric manifolds introduced by Davis and Januszkiewicz [DJ91] .
2.1. Axiomatic definition. Consider the action α : T n+1 × C n+1 → C n+1 of (n + 1)-dimensional torus T n+1 on C n+1 defined by α((t 1 , . . . , t n , t n+1 ), (z 1 , . . . , z n , z n+1 )) = (t 1 z 1 , . . . , t n z n , t n+1 z n+1 ).
Then C n × S 1 is a T n+1 -invariant subset of C n+1 , and the orbit space (C n × S 1 )/T n+1 is R n ≥ . We call the restriction α| T n+1 ×(C n ×S 1 ) the standard T n+1 -action on C n × S 1 . Definition 2.1. A (2n + 1)-dimensional smooth manifold M with an effective T n+1 -action is called a topological contact toric manifold if it is locally isomorphic to C n × S 1 with standard T n+1 -action. Here, 'locally isomorphic' means for each point p of M , there is
(1) an automorphism θ ∈ Aut(T n+1 ); (2) a T n+1 -invariant neighborhood U of p in M and V of C n × S 1 which are θ-equivariantly diffeomorphic.
Since T n+1 -action is locally standard and transversality is a local property, we get that the orbit space M/T n+1 is a nice manifold with corners of dimension n. In this paper, we are primarily interested in the topological contact toric manifolds whose orbit spaces are simple polytopes. Basic properties of simple polytopes can be found in [Zie95, BP15] .
Let q : M → P be the orbit map where P is a simple polytope. Let F(P ) := {F 1 , . . . , F m } be the set of facets of P . Then each
From the locally standardness and [DJ91, Lemma 1.3], we can show that M i is a (2n − 1)-dimensional topological contact toric manifold over F i . Therefore, the isotropy subgroup of M i is a circle subgroup T i of T n+1 . The group T i is uniquely determined by a primitive vector λ i ∈ Z n+1 . That is, we get a natural function
Since each vertex v of P is the transversal intersection of n many facets {F i 1 , · · · , F in }, the manifolds M i 1 , . . . , M in intersect transversely by the locally standardness. This implies that the submodule A of Z n+1 generated by {λ i 1 , . . . , λ in } corresponding to the n-dimensional subtorus T i 1 × · · · × T in of T n+1 is a direct summand of Z n+1 . Indeed, there exists a primitive vector λ i n+1 ∈ Z n+1 such that the rank of A ⊕ λ i n+1 is n + 1 and the volume determine by {λ i 1 , . . . , λ in , λ i n+1 } in R n+1 is equal to the volume determine by {λ i 1 , . . . , λ in } in A ⊗ Z R. Therefore, the locally standardness of M implies that the set {λ i 1 , . . . , λ in } is a part of a Z-basis in Z n+1 .
2.2. Constructive definition. In this subsection, we extend the idea of [SS18, Definition 2.1] to a simple polytope and discuss the construction of (2n + 1)-dimensional T n+1 -manifolds on simple polytopes. Let F(P ) := {F 1 , . . . , F m } be the set of facets of an n-dimensional simple polytope P . Definition 2.2. A function ξ : F(P ) → Z n+1 is called hyper characteristic function if ξ satisfies the following:
where ξ j := ξ(F j ) for j = 1, . . . , m. We call (P, ξ) a hyper characteristic pair.
We denote by rk(ξ) the rank of the module generated by {ξ 1 , . . . , ξ m }. In this case, rk(ξ) can be either n or n + 1 because of the hypothesis (⋆). Now, we construct a (2n + 1)-dimensional manifold with T n+1 -action as follows. For a point x ∈ P , let F j 1 ∩ · · · ∩ F j k is the face of P containing x in its relative interior. Then, we denote by T x the subgroup of T n+1 determined by {ξ j 1 , . . . , ξ j k }. If x belongs to the relative interior of P , we define T x to be the identity in T n+1 . We define,
Here, T n+1 acts on M (P, ξ) induced by the multiplication on the first factor of T n+1 × P .
Proposition 2.3. Let (P, ξ) be a hyper characteristic pair. Then the space M (P, ξ) as in (2.2) is a topological contact toric manifold.
Proof. Let q : M → P be the orbit map and {v 1 , . . . , v ℓ } the set of vertices of P . Let U i be the open subset of P obtained by deleting all faces of P not containing the vertex v i , say v i = F i 1 ∩ · · · ∩ F in for some unique collection of facets {F i 1 , . . . , F in } of P . Since P is a simple polytope, there is a homeomorphism f : R n ≥ → U i as manifold with corners such that the facet {x k = 0} of R n ≥ maps onto F i k for k = 1, . . . , n. Then the set {ξ i 1 , . . . , ξ in } is a part of a basis by the definition of ξ. Now we choose ζ ∈ Z n+1 such that {ξ i 1 , . . . , ξ in , ζ} is a Z-basis of Z n+1 . Then, we get a diffeomorphism θ : T n+1 → T n+1 determined by the linear map sending e k to ξ i k for k = 1, . . . , n and e n+1 to ζ, where {e 1 , . . . , e n , e n+1 } is the standard basis of Z n+1 . Therefore we get the following commutative diagram
where ∼ s is similarly defined as the relation ∼ in (2.3) using {e 1 , . . . , e n } as a hyper characteristic function on facets of R n ≥ . So the mapf is a homeomorphism. The space (T n+1 × R n ≥ )/ ∼s is T n+1 -equivariantly homeomorphic to C n × S 1 . Therefore, M (P, ξ) is a topological manifold with an effective Corollary 2.4. Let M be a topological contact toric manifold with orbit space P , and λ a function as defined in (2.1). Then, M is equivariantly diffeomorphic to M (P, λ) as defined in (2.2).
We note that the orientation of a topological contact toric manifold M can be induced from the orientation of P and T n+1 .
Lemma 2.5. Let M be a (2n + 1)-dimensional topological contact toric manifold with a function λ, as defined in (2.1). If rk(λ) = n + 1, then the fundamental group π 1 (M ) is a finite abelian group.
Proof. Let q : T n+1 × P → M be the quotient map for the equivalence relation ∼ in (2.3). Then it follows that q −1 (x) is connected for all x ∈ M . Also we have T n+1 × P is locally path-connected and M is semi-locally simply connected since it is locally C n × S 1 . Then [CGM12, Theorem 1.1] gives a surjective map
Since P is contractible, π 1 (T n+1 × P ) = π 1 (T n+1 ). Let S 1 (λ i ) be the circle subgroup of T n+1 determined by λ i for i = 1, . . . , m. So each S 1 (λ i ) is a loop in T n+1 containing the identity. Let α i ∈ π 1 (T n+1 ) represent this loop for i = 1, . . . , m. Then, α i = λ i,1 e 1 + · · · + λ i,n+1 e n+1 with respect to the standard generators {e 1 , . . . , e n+1 } of π 1 (T n+1 ), where we denote λ i := (λ i,1 , . . . , λ i,n+1 ) ∈ Z n+1 . Since rk(λ) = n + 1, the quotient group π 1 (T n+1 )/ α 1 , . . . , α m is finite abelian. Under the quotient map q, the circle S 1 (λ i ) collapses to a point in M . So π 1 (q)(α i ) is the identity in π 1 (M ) for i = 1, . . . , m. Hence, lemma follows.
A toric manifold [DJ91] (or a quasitoric manifold [BP15, Chapter 7] ) is a smooth 2n-dimensional T n -manifold, locally isomorphic to the standard T n -action on C n , whose orbit space is combinatorially equivalent to a simple polytope. We remark that we prefer to use the notion of a 'quasitoric manifold' throughout this paper, as we are often following arguments in [Mas08] . Next proposition shows a relation between topological contact toric manifolds and quasitoric manifolds under a restriction on ξ.
Proposition 2.6. The manifold M (P, ξ) is equivariantly homeomorphic to the product of a quasitoric manifold with S 1 if and only if rk(ξ) = n.
Proof. Assume that rk(ξ) = n. Let {ξ i 1 , . . . , ξ in } be the set of hyper characteristic vectors corresponding to facets intersecting at v. Then, condition (⋆) implies that the module generated by {ξ i 1 , . . . , ξ in } is same as the module generated by {ξ 1 , . . . , ξ m } which we denote by M (ξ). Moreover, there exists a vector ζ ∈ Z n+1 such that Z n+1 ∼ = M (ξ) ⊕ ζ . Hence, we have a natural decomposition (2.4)
and S 1 ζ denotes the circle subgroup of T generated by ζ. Now, we have
Here, we note that the assignment ξ :
Hence, we get a quasitoric manifold N := (T n ξ × P )/ ∼ as desired. Conversely, assuming that M (P, ξ) is equivariantly homeomorphic to S 1 × N for some quasitoric manifold N , its fundamental group π 1 (S 1 × N ) is isomorphic to Z, as π 1 (N ) is trivial for any quasitoric manifold N , see [DJ91, Corollary 3.9]. Hence, the claim follows from Lemma 2.5.
Independently from (2.2), we introduce another construction of a (2n+1)-dimensional manifold with T n+1 -action out of a hyper characteristic pair (P, ξ). Here, we further assume that rk(ξ) = n + 1, as the case of rank n is discussed in Proposition 2.6. Let x be a point in the relative interior of F j 1 ∩ · · · ∩ F j k . We denote by T x the subgroup of T m generated by j 1 , . . . , j kth coordinate circles. When x belongs to the relative interior of P , we define T x to be the identity in T m . First, we consider (2.5)
which is called the moment angle manifold associated to P , see for instance [BP15, Chapter 6]. Here, (t, p) ∼ z (s, q) if and only if p = q and t −1 s ∈ T p . Notice that Z P is equipped with a standard T m -action by the coordinate multiplication. Next, regarding ξ as a matrix of size (n + 1) × m by listing ξ 1 , . . . , ξ m as its column vectors, we have a short exact sequence
Now, we consider the space (2.6)
where the action of ker(exp ξ) factors through T m . The torus T n+1 ∼ = T m / ker(exp ξ) acts on X(P, ξ) residually. The proof of following proposition is same as the standard argument in toric topology, for instance see [BP15, Proposition 7.2.1].
Proposition 2.7. Let (P, ξ) be a hyper characteristic pair with rk(ξ) = n+1. Then the space M (P, ξ) in (2.2) and X(P, ξ) in (2.6) are T n+1 -equivariantly weakly homeomorphic. In the remaining part of this section, we exhibit several examples of topological contact toric manifolds studied in [SS18] and [Ler03] , as well as some manifolds beyond those of two categories.
Example 2.8 (Generalized lens space). Let P be the n-dimensional simplex ∆ n , and ξ is a hyper characteristic function on it. We further assume that rk(ξ) = n + 1, see Proposition 2.6. In this case, Z ∆ n ∼ = S 2n+1 and ker(exp ξ) is isomorphic to a finite abelian group. The quotient space S 2n+1 / ker(exp ξ) is called a generalized lens space in [SS18] . In particular, if {ξ(F ) | F ∈ F(∆ n )} form a basis of Z n+1 , then M (∆ n , ξ) is homeomorphic to S 2n+1 .
Example 2.9 (Good contact toric manifold). Let P be an n-dimensional simple lattice polytope embedded in R n+1 \ {0}. Consider the cone C(P ) on P with apex 0 ∈ R n+1 , and the set {F | F ∈ F(P )} of facets of C(P ), whereF := C(F ) \ {0}. Now, define a function ξ : F(P ) → Z n+1 by ξ(F ) to be the primitive outward normal vectors ofF , and assume that ξ satisfies the condition (⋆). Then, the resulting space M (P, ξ) is T n+1 -equivariantly homeomorphic to a good contact toric manifold whose moment cone is C(P ). We refer to [Ler03, Section 2] or [Luo13, Chapter 2] for details of Hamiltonian torus action on a contact toric manifold and its moment map.
Example 2.10 (Hyperplane cut of a quasitoric manifold). Let X be a 2n-dimensional quasitoric manifold and q : X → Q be the associated orbit map. Let H be a hyperplane in R n which does not contain any vertex of Q. Since Q is an n-dimensional simple polytope, P := Q∩H is an (n−1)-dimensional simple polytope. Then q −1 (P ) is a T n -invariant subspace of X.
Note that if v is a vertex of P , then v is the intersection of an edge e and H. Let P v be the open subset of P obtained by deleting all faces of P not containing v and Q v be the open subset of Q obtained by deleting all faces of Q not containing the edge e. Then Q v homeomorphic to P v ×e as manifold with corners wheree is the relative interior of e. So q −1 (Q v ) = q −1 (P v ) × q −1 (e). q −1 (e) is equivariantly homeomorphic to S 1 ×e. Since P v ande intersect transversally, q −1 (P v ) is a codimension-2 submanifold of q −1 (Q v ). Therefore, q −1 (P ) is a (2n − 1)-dimensional manifold with an effective T n which satisfies the condition of Definition 2.1. Hence q −1 (P ) is a topological contact toric manifold. We observe this in the following particular case.
Consider Q and P as described in Figure 1 -(A) and (B) respectively. The space q −1 (P ) is a S 1 -bundle over CP 2 #CP 2 . We recall that contact toric manifold is bijectively corresponds to the 'moment cone' see [Ler03] . Here, hyper characteristic vectors on P do not satisfy the condition of a moment cone. So q −1 (P ) is not a contact toric manifold. This observation may justify the name of manifolds in Definition 2.1.
Equivariant cohomology of topological contact toric manifolds
In this section, we study the ring structure of the equivariant cohomology H * T (M (P, ξ)) of M (P, ξ) and the structure of H * (BT n+1 )-algebra. For simplicity, we denote M := M (P, ξ) and T := T n+1 throughout the remaining part of this paper.
3.1. Equivariant Thom classes and face ring. Consider the set V (P ) := {v 1 , . . . , v ℓ } of vertices of P , and write v i := F i 1 ∩ · · · ∩ F in , the intersection of n facets, say F i 1 , . . . , F in . We denote by T v i the subtorus of T generated by {ξ i 1 , . . . , ξ in } ⊂ Z n+1 and write S 1 v i := T /T v i which is of dimension 1. Then, we have a short exact sequence (3.1) 1
for each i = 1, . . . , ℓ. We notice that, for each vertex v i ∈ V (P ), the constructive definition of M (P, ξ) shows π −1 (v i ) = S 1 v i × v i . Identifying H 2 (BT ) with the lattice e 1 , . . . , e n+1 (= Z n+1 ) generated by the standard unit vectors {e 1 , . . . , e n+1 } of Z n+1 , we have H 2 (BT v i ) ∼ = ξ i 1 , . . . , ξ in , the sublattice of Z n+1 generated by {ξ i 1 , . . . , ξ in }, which is a direct summand of Z n+1 by the hypothesis (⋆). Hence, we get
. This gives us the following identification of cohomology groups
which is also isomorphic to the annihilator Ann(
Proof. The hypothesis (⋆) gives a left splitting of (3.1), which yields an identification T ∼ = T v i × S v i . Hence, we have
where the third equality holds, because ES 1 v i is contractible and S 1 v i acts freely on S 1 v i . Recall from Section 2 that for each facet F j ∈ F(P ), we may associate a codimension 2 submanifold M j which is fixed by the circle subgroup of T generated by ξ j ∈ Z n+1 ∼ = Hom(S 1 , T ). Let τ j ∈ H 2 T (M ) be the equivariant Thom class of the normal bundle ν(M j ) of M j in M . To be more precise, it is the image of the identity in
T (M ). Now, we consider the map
Here we denote by τ j | v i the image of the Thom class τ j via f v i and it satisfies the following property:
Proof. For j / ∈ {i 1 , . . . , i n }, two subspaces π −1 (F j ) = M j and π −1 (v i ) = S 1 v i × v i of have empty intersection. Hence, the assertion (1) follows. Assertion (2) follows from the following T -equivariant decomposition
. . , n, by the naturality. Hence, the claim follows from the equivariant decomposition in (3.5).
We now discuss more properties on equivariant Thom classes for the preparation of the study in Section 4. Let x j,i ∈ H 2 (BT ) be a representative of the restriction of Thom class
3) and Lemma 3.1. Furthermore, Lemma 3.2 implies that x j,i is nonzero if and only if j ∈ {i 1 , . . . , i n }. Hence, we write x i k := x i k ,i for simplicity.
To emphasize the generators of modules, we identify H 2 (BT ) and H 2 (BT v i ) with Z n+1 and ξ i 1 , . . . , ξ in ⊂ Z n+1 respectively. Hence we also regard x i 1 , . . . , x in as elements of (Z n+1 ) * accordingly.
Lemma 3.3. For each vertex
i.e., ξ ir , x i k = 0 for all r ∈ {1, . . . , n} \ {k}.
Proof. Recall the following identifications;
(1) H 2 (BT ) ∼ = Z n+1 ∼ = Hom(S 1 , T ). We denote by λ ξ ∈ Hom(S 1 , T ) the weight corresponding to ξ ∈ Z n+1 ∼ = H 2 (BT ). (2) H 2 (BT ) ∼ = (Z n+1 ) * ∼ = Hom(T, S 1 ). We denote by χ ζ ∈ Hom(T, S 1 ) the character corresponding to ζ ∈ (Z n+1 ) * ∼ = H 2 (BT ). (3) For each t ∈ S 1 , we have
where , denotes the standard paring between elements in Z n+1 and its dual (Z n+1 ) * . Now, the equivariant decomposition of ν(S 1 v i ) as in (3.5) together with (3.6) implies that ξ ir , x i k = 0 for all r ∈ {1, . . . , n} \ {k}, and ξ i k , x i k = 0. Therefore, the representative x i k does not belong to Ann ξ i 1 , . . . , ξ in .
In addition to Lemma 3.3, one may choose a particular representative x i k ∈ (Z n+1 ) * such that ξ i k , x i k = 1. Indeed, the first n elements in the dual basis {x i 1 , . . . , x in , x i n+1 } chosen by extending {ξ i 1 , . . . , ξ in } to a basis {ξ i 1 , . . . , ξ in , ζ} of Z n+1 for some ζ ∈ Z n+1 may play a role of representatives because of the relation (3.6). With this observation, we get the following conclusion.
Corollary 3.4. For each vertex
of restrictions of equivariant Thom classes, there is a set {x i 1 , . . . , x in } ⊂ (Z n+1 ) * of representatives of (3.7) such that
In particular, the submodule generated by such a set {x i 1 , . . . , x in } is a direct summand of (Z n+1 ) * .
We finish this subsection by showing the following theorem. Luo [Luo13, Theorem 2.3.33] proves a similar statement for the case of good contact toric manifolds, whose main idea works well for the category of topological contact toric manifolds. For reader's convenience, here we shall prove this again based on his idea. Theorem 3.5. Let M := M (P, ξ) be a topological contact toric manifold such that rk(ξ) = n + 1, and τ j for j = 1, . . . , m as above. Then the equivariant cohomology H * T (M ) is isomorphic to
Proof. A hyper characteristic function ξ, regarded as a matrix of size (n + 1) × m whose column vectors are indexed by facets of P , yields a short exact sequence
Let K 0 be the connected component of ker(exp ξ) containing the identity. Then, there is a group homomorphism φ :
.21] for details. Now, we consider the moment angle manifold Z P corresponding to P , see (2.5). Its Borel construction ET m × T m Z P with respect to the natural T m -action is homotopy equivalent to
where T m -acton on EK 0 × ET is given by φ and exp ξ. It is again homotopy equivalent to the Borel construction ET × T M of the given topological contact toric manifold M . We refer to [Luo13, Lemma 2.3.24, 2.3.25] for more details. We note that the equivariant cohomology H * T m (Z P ) is isomorphic to (3.10)
which is called the face ring of P , see [DJ91, Section 4]. Here, y i 's are indeterminates of degree 2. Hence, we conclude that
Now, it remains to verify the relation between Thom classes τ j 's of (3.9) and y j 's of SR(P ). First, note that {τ 1 , . . . , τ m } is linearly independent. Indeed, sending
, which implies that a i 1 = · · · = a in = 0 by Lemma 3.2-(2). The same procedures for other vertices establish a 1 = · · · = a m = 0.
Next, the cup product
Hence, one has an isomorphism between (3.9) and SR(P ) by sending τ j to y j for j = 1, . . . m.
3.2. Algebra structure. Note that H * T (M ) is equipped with H * (BT )-algebra structure induced from the Borel fibration
The following lemma allows us to see H 2 (BT ) as a subset of H 2 T (M ). Lemma 3.6. H 2 (BT ) is a subgroup of H 2 T (M ). Moreover, the inclusion of
If rk(ξ) = n, then M is equivariantly homeomorphic to S 1 × N for some quasitoric manifold N , see Proposition 2.6. Here the torus T ∼ = S 1 ζ ×T n ξ (see (2.4)) acts on S 1 × N componentwise. Hence, we have
We note that H odd (N ) = 0, which implies that H *
Moreover, the equivariant collapsing map from N to a fixed point of N induces π * , which is an inclusion of H * (BT n ξ ) into H * T n ξ (N ). Hence, the assertion follows in this case.
Next, we consider the case when rk(ξ) = n + 1. The cohomology LeraySerre spectral sequence for the fibration (3.2) gives us
where the system of local coefficients is simple, because BT is simply connected. We refer to [McC01, Proposition 5.20] . Notice that E 2,0 2 = H 2 (BT ; Z), and E 0,1 2 is a finite abelian group by Lemma 2.5 together with Hurewicz theorem and the universal coefficient theorem. Therefore, the differential
is a zero map, which implies that Hence, for each element u ∈ H 2 (BT ), we have
w j , u τ j for some linear map w i : H 2 (BT ) → Z. Here, w i ∈ Z n+1 denotes the element corresponding to w i via the identifications of Hom(H 2 (BT ), Z) ∼ = Hom((Z n+1 ) * , Z) ∼ = Z n+1 . Here, , denotes the standard paring between Z n+1 and (Z n+1 ) * .
Lemma 3.7. Let {x i 1 , . . . , x in } ⊂ Z n+1 be the set as in Corollary 3.4. Then,
Proof. Consider the following commutative diagram, (3.14)
where π * and f v i are defined in (3.12) and (3.4), respectively, and pr v i is the projection. Now, we evaluate x i k ∈ (Z n+1 ) * . Then, we have
Hence the commutativity of the diagram (3.14) shows
which implies the desired relation (3.13), because the set {τ i 1 | v i , . . . , τ in | v i } is linearly independent, see Lemma 3.2.
Remark 3.8. Relations (3.8) and (3.13) are independent from the choice of a vertex of P . To be more precise, if two distinct vertices v i and v ℓ are contained in a common facet F j , then w j of (3.13) may appear with respect to two different set of dual elements B 1 := {x i 1 ,i , . . . , x i 1 ,i } and B 2 := {y ℓ 1 ,i , . . . , y ℓ 1 ,i } corresponding to restrictions of equivariant Thom classes around v i and v ℓ , respectively. Two relations (3.8) and (3.13) holds for both B 1 and B 2 .
To simplify the proof of Theorem 3.9 below, we set up the following notation. Given a vertex v = F i 1 ∩ · · · ∩ F in ∈ V (P ), we write Th| v : Given a facet F j ∈ F(P ), we denote by A j the submodule of (Z n+1 ) * generated by elements of v∈V (F j ) Th| v . Then, the rank of A j is either n + 1 or n. For example in Figure 2 , rankA 1 = 3 and rankA 2 = 2.
Theorem 3.9. w j = ξ j , for each j = 1, . . . , m.
Proof. First, consider the case when rankA j = n + 1. We claim that is one of F i 1 , . . . , F in . Then, Corollary 3.4 and Lemma 3.7 yield (3.15) for all x ∈ span(Th| v ). Since this is true for all v ∈ V (F j ), the assertion follows. Now, the hypothesis rankA j = n + 1 implies that A j ∼ = (Z n+1 ) * . Hence, the nondegeneracy of the paring , concludes that w j = ξ j .
Next, consider the case when rankA j = n. This is exactly the case when each of the following sets Th| v 's for v ∈ V (F j ) span the same submodule of (Z n+1 ) * , which is a direct summand by Corollary 3.4. Hence, we may put
where A j and B can be identified with Ann(N v ) and Ann(H 2 (BT v )), respectively, for any v ∈ V (F j ), see (3.2). Applying y ∈ B to (3.14), we get
where the first equality follows from the identification
On the other hand, regarding A j as the module generated by Th| v for some v ∈ V (F j ), we get (3.17) ξ j , y = 0, for y ∈ B,
Furthermore, it follows from Corollary 3.4 and Lemma 3.7 that (3.18) w j − ξ j , y = 0, for y ∈ A j .
Finally, combining (3.16), (3.17) and (3.18), we conclude w j − ξ j , x = 0 for all x ∈ (Z n+1 ) * . Hence the result follows.
Equivariant cohomological rigidity
In this section, we answer the equivariant cohomological rigidity problem for the category of topological contact toric manifolds. Owing to the discussion in Section 3, the main idea of the proof of [Mas08, Theorem 1.1] works for this category of manifolds. Lemma 3.2 allows us to use a similar argument in the proof of [Mas08, Lemma 3.2] to obtain the following.
Lemma 4.1. Let M and M ′ be two topological contact toric manifolds over P . Let Th M := {τ 1 , . . . , τ m } and Th M ′ := {τ ′ 1 , . . . , τ ′ m } be sets of equivariant Thom classes corresponding to characteristic submanifolds of M and M ′ respectively. If φ : H * T (M ) → H * T (M ′ ) is an algebra isomorphism, then φ maps Th M to Th M ′ bijectively up to sign. Now, we introduce our main results, which answers to the equivariant cohomological rigidity problem about topological contact toric manifolds. for some ǫ i = ±1 and some permutationφ, by Lemma 4.1. Let I be the ideal defined in Theorem 3.5, then (4.1) φ(τ i 1 · · · τ i k ) = φ(τ i 1 ) · · · φ(τ i k ) = ±τφ (i 1 ) · · · τφ (i k ) = 0, whenever F i 1 ∩ · · · ∩ F i k = ∅.. Hence, we get a face preserving continuous map from P to P ′ . Applying the same argument for φ −1 , one can see that there exists a face preserving homeomorphism ψ : P → P ′ . Since φ is an algebra isomorphism, the algebra structures are compatible to φ, i.e., π ′ * = φ • π * , where π * and π ′ * are defined in (3.12) for M and M ′ , respectively. Then, Hence, we get ǫ j ξφ (j) , u = ξ ′ j , u for each j.
Let J := {j | ǫ j = −1} and define an automorphism δ : T m → T m such that δ sends j-th coordinate of (t 1 , . . . , t m ) ∈ T m to its conjugate whenever j ∈ J. This implies that δ(exp(ker ξ)) = exp(ker ξ ′ ). Hence, we have the following commutative diagram (4.2)
where Ψ is a δ-equivariant homeomorphism induced from δ × ψ. Therefore, Ψ is a weakly equivariant homeomorphism. Hence, the result follows. Secondly, if rk(λ) = rk(λ) = n, then M and M ′ are equivariantly homeomorphic to S 1 × N and S 1 × N ′ for some quasitoric manifolds N and N ′ , respectively, by Proposition 2.6. Hence, a weak isomorphism φ : H * T (M ) → H * T (M ′ ) induces a weak isomorphism Φ :
